Abstract. In this paper, we introduce a method to construct ambient isotopy invariants for smooth imbeddings of closed surfaces into 4-space by using hyperbolic splittings of the imbedded surfaces and an arbitrary given isotopy or regular isotopy invariant of classical knots and links in 3-space. Using this construction, adopting the Kauffman bracket polynomial as an example, we produce some invariants.
Introduction
By a surface link (or knotted surface) of n components we mean a locally flat closed (possibly disconnected or non-orientable) surface L = F 1 ∪ F 2 ∪ · · · ∪ F n , n ≥ 1, imbedded in the oriented 4-dimensional Euclidean space R 4 (or the oriented 4-sphere S 4 ), where each component F i is homeomorphic to a closed connected surface. A surface link with one component is sometimes called a surface knot. If F i is homeomorphic to the 2-sphere S 2 , then L is called a 2-link of n-components. In particular, a 2-link with one component is called a 2-knot. If each component F i is oriented, then we call L an oriented surface link. Throughout this paper, we work in the piecewise linear or smooth category. Two surface links L and L in R 4 are said to be equivalent or of the same link type if there exists an orientation preserving homeomorphism Φ :
If L and L are oriented surface links, then it is assumed that the restriction Φ| L : L → L is an orientation preserving homeomorphism.
One of the most popular diagrammatic methods to describe surface links in R 4 is one based on generic projections of surface links into R 3 and associated Roseman's moves for surface isotopies [5, 23] . The other is knots with bands derived from normal forms of surface links in R 4 [8, 11, 14, 15, 22] . The braid theory in dimension 4 is also such a method [9, 10, 11, 24] . These approaches give rise to the rich theory of algebraic and categorical aspects which produce many useful invariants for surface links in R 4 , for example [2, 3, 5, 9, 19] and therein. Regular projection of the intersection of a hyperbolic splitting of a surface link in R 4 and the 0-level cross section R 3 × {0} into the plane R 2 gives a 4-regular spatial graph diagram in R 2 . Imposing an extra structure, a marker, for each 4-valent vertex which indicates how the saddle point opens up above with respect to Such a representationL is called a hyperbolic splitting of L [19] . Suppose that a surface link L in R 4 is described by a hyperbolic splittingL. Then the intersectioñ L ∩ R 
where The moves Ω 1 , Ω 2 , . . . , Ω 8 are local changes in a diagram, which were first introduced by Yoshikawa [27] in 1994. Note that the moves Ω 1 , Ω 2 and Ω 3 are just Reidemeister moves for classical knots and link diagrams and Ω * 6 is a mirror move of Ω 6 with respect to the time direction, not in 3-space. It is known that all these moves and their mirror moves can be realized by ambient isotopies of R 4 [14, 22, 26] . This implies that if two ch-diagrams are stably equivalent, then they represent equivalent surface links in R 4 . [26] claimed to have proved that Conjecture 2.3 above is true. In a private communication, S. Kamada told me that Swenton's paper has a gap and he has recovered it recently [12] . Consequently, any two ch-diagrams representing the same surface link are stably equivalent.
Conjecture
(2) In [27] , Yoshikawa introduced the ch-index, denoted by ch(L), of a surface link L, which is defined to be the minimum number ch(L) = min , whose ch-indices are less than or equal to ten (see [27, [ Proof. From the state-sum formula (3.2) together with (3.1), we see that
This completes the proof.
We now investigate how the polynomial [[D]
] behaves under Ω 7 and Ω 8 of the moves of Type II. To do this we first introduce some notation. Let T n denote the set of all n-tangle diagrams with or without marked vertices, let T c n denote the set of all classical n-tangle diagrams (without marked vertices), and let B n denote the geometric braid group on n-strings with geometric generators
For two given tangles x, y ∈ T n , we denote by xy the usual product of two tangles and by x • y the knot or link that results from the n-tangles x and y by closing n strings of x and y as shown in Figure 7 . Let e 1 , e 2 , . . . , e n−1 denote the n-tangles shown in Figure 7 .
For our convenience we shall denote f 0 = 1, the trivial 3-string braid, f 1 = e 1 , f 2 = e 2 , f 3 = e 1 e 2 , f 4 = e 2 e 1 in T c 3 and g 0 = 1, the trivial 4-string braid, g 1 = e 1 , g 2 = e 2 , g 3 = e 3 , g 4 = e 1 e 2 , g 5 = e 1 e 3 , g 6 = e 2 e 1 , g 7 = e 2 e 3 , g 8 = e 3 e 2 , g 9 = e 1 e 2 e 3 , g 10 = e 1 e 3 e 2 , g 11 = e 2 e 1 e 3 , g 12 = e 3 e 2 e 1 , and g 13 = e 2 e 1 e 3 e 2 in T left-hand side of the move Ω 7 in Figure 4) , and E is a 3-tangle diagram in T 3 with marked vertices equivalent to D − S under the moves Ω i (i = 1, 2, . . . , 6). We also assume that D = S • E as shown in Figure 8 , where S is the 3-tangle diagram in T 3 with two marked vertices, say v 1 , v 2 (the right-hand side of the move Ω 7 in Figure 4 ).
Figure 8
Let {τ k | k = 1, 2, . . . , 16} be the set of all states of S and let {τ k | k = 1, 2, . . . , 16} be the set of all states of S given by Proof. Let S(E) be the set of all states of the 3-tangle diagram E in the diagram D in Figure 8 . Then it follows that
From Table 1 , we obtain that for each σ ∈ S(E),
Hence it follows that , s) . This completes the proof. Table 2 lists all these diagrams and corresponding monomials, where β = σ 2 σ 1 σ 3 σ 2 and β , s) = (a 1 , . . . , a m , s 1 , s 2 , s 3 , s 4 ) ∈ E m+4 satisfying the system: Proof. From Lemmas 3.3, 3.5 and 3.6, the result follows at once.
It is worth noting that if the ring R has the algebraically closed extension field F, then, by the Hilbert Basis Theorem [4] , V(∆; [ ]) is completely determined by a finite number of polynomials, say p 1 , p 2 , . . . , p r , in F[A 1 , . . . , A m , x, y, z, w] , that is,
Invariants of surface links via classical link invariants
In this section, we shall normalize the value [[D]](a, s) of Theorem 3.7 so that it is also invariant under the moves Ω 1 , Ω 6 and Ω * 6 . From now on, let D be a ch-diagram and let L − (D) and L + (D) be the classical link diagrams defined as in Figure 2 . Suppose that 
Recall that L − (D) and L + (D) are trivial link diagrams and so all U
Similarly,
(2) Since the number of components of a classical link is an ambient isotopy invariant, it is obvious that both µ + (D) and µ − (D) are invariant under the moves Ω 1 , Ω 2 and Ω 3 and so is e(D). From Figure 10 again, it is easy to check that e(D) is not changed by all moves Ω i and their mirror moves, except the moves Ω 6 and Ω * 6 . For the proof of the identity (4.4) for the moves Ω 6 and Ω * 6 , we first observe that
where ∼ means ambient isotopic. From this obvious observation, we have
and
This completes the proof of Lemma 4.1.
Lemma 4.2. Let D be any ch-diagram and let [ ] be a regular or an ambient isotopy invariant of classical links. Then for any (a, s) ∈ V(∆; [ ]) such that α(a)
is invertible, 
This proves the invariance of J D (a, s) under the move Ω 1 and thus completes the proof. 
) ∈ V(∆; [ ]) such that α(a) is invertible and λ(a, s)
= λ 1 (a, s)λ 2 (a, s) = 0. Then L D (a, s) = α(a) −t(D) λ(a, s) −|V (D)| D (a,J D (a, s)J D * (a, s) = α(a) −t + (D)−t + (D * ) D (a, s).
It is immediate from the definition that t + (D
On the other hand, it is clear that |V (D)| is invariant under all moves Ω i , except the moves Ω 6 and Ω * 6 , and so is λ(a, s) , s) is invariant under all moves Ω i , except the moves Ω 6 and Ω * 6 . Now, by Lemma 3.4, it follows that
Similarly, (a, s) = λ(a, s) (a, s).
By Lemma 4.1(1), t( ) = t( ) = t( ) and hence
and (a, s) = (a 1 , . . . , a m , s 1 , s 2 , s 3 , s 4 
This proves the invariance of J It is natural to ask which (ambient or regular isotopy) invariants of classical knots and links give rise to non-trivial invariants of equivalent surface links in R 4 in the formalisms of Theorems 4.3 or 4.4. In the next section 5, we shall discuss this question with Kauffman's bracket polynomial [13] , which gives an affirmative answer.
The invariants via the bracket polynomial
Let K be a classical knot or link diagram. The Kauffman bracket polynomial
defined by the following rules: 
This shows that [[D] ] is given by means of the following two rules:
From this, one can easily see that the state-sum formula of [[D] ] is given by
Similarly, we have the formula:
e i e j = e j e i (|i − j| > 1). 
Proof. We first observe that for any classical 3-tangle diagram J ∈ T c 3 , nullifying all classical crossings of U by applying the Kauffman bracket polynomial axioms (B i ), i = 1, 2, 3, we have
3) and (5.5), we obtain From these computations together with the matrix M (A) in (5.3), we obtain
From (5.6), it follows that
where
. This completes the proof of Lemma 5.2. (A, x, y, z, w 
Proof. Note that for any classical 4-tangle J ∈ T c 4 , it follows that
. . , 13. From (3.4) and (5.7),
(5.8)
By a straightforward computation, we obtain From these computations together with Lemma 5.3, we obtain
From (5.8), we thus obtain
. This completes the proof.
Theorem 5.5.
where σ ∞ and σ 0 are the states of D which assign all marked vertices with T ∞ and T 0 , respectively.
Proof. From the observation (5.9), we obtain
Let σ be any state of D. Then |C(D σ )| = |C(D)| and it follows that
With this identity and (5.1) we obtain Remark 5.8. We remark that the invariants above are directly computed from a ch-diagram D without computing the bracket polynomials of state diagrams. In the separate paper [17] , we examine our method by using the number of components of classical links as its associated classical invariant and produce some invariants of surface links in 4-space.
Now we end this section with an example which gives the invariants of the fundamental surfaces in R 4 . For the sake of convenience, we shall denote the invariants by 
L 7 L 8 L 9 0 1  1  1  1  1  1  1  1  1  1  1  1  1  2 
